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A1: Integration By Parts - Module Description and 
Suggested Problems 


What This Module Is About 
Integration by parts is a technique that exploits two facts. 


e Integration is hard but differentiation is easy. 
e Differentiation often significantly simplifies a function (e.g. differentiating ]n x gives you i which is a much simpler function to 
handle) 


Using these facts, integration by parts can help us dealing with integrands that are a product of two well-known functions, a situation 
that appears in applications frequently, for example when effects compound like they do when multiplying probabilities of two events. 


Once we finished this module... 


e ... you will be able to recognise when integration by parts is a useful method to use. 
e ... you will be able to decide how the product in the integrand needs to be separated to use this technique. 
e ... you will see the value in using integration by parts iteratively, i.e. several times in a row. 


Textbook Reference: Calculus Volume 2 Chapter 3.1 https://openstax.org/books/calculus-volume-2/pages/3-1-integration-by- 
parts (https://openstax.org/books/calculus-volume-2/pages/3-1-integration-by-parts) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
3,5, 7, 15, 19, 23, 41, 47 


Past term test and exam questions: 
2021 Term Test 1: Q2, Q5 


A2: Trigonometric Substitution - Module Description 
and Suggested Problems 


What This Module Is About 


1 
Trigonometric Substitution is a useful technique to solve integrals involving expressions like 2 or —————. Such expressions 
g q g g exp V9 + w* 0 p 


appear frequently in applications, for example when computing the arclength of a curve or when dealing with geometric models that 
involve right triangles (think: c = 4/a2 + b2). 


To use Trigonometric Substitution (often called "trig sub"), we first insert a trigonometric function (like sine, cosine, tangent), then solve 
the integral, and then get rid of the trigonometric functions again (resubstitution). 


Once we finished this module... 


e ... you will be able to recognise when trig substitution can help to solve an integral and which substitution should be used. 

e ... you will be able to use trigonometric identities when solving integrals. 

e ... you will be able to use what is called a "reference triangle" to help you with resubstituting as the final step of solving an integral 
with trig sub. 


Textbook Reference: Calculus Volume 2 Chapter 3.3 https://openstax.org/books/calculus-volume-2/pages/3-3-trigonometric- 
substitution _(https://openstax.org/books/calculus-volume-2/pages/3-3-trigonometric-substitution) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Note: When doing the problems below, you can use the integrals of tan @ and the integrals of sec @ by looking them up on a formula 
sheet, like the one provided in the textbook. 


Textbook Exercises: 
135, 151, 161, 165, 169, 175, 179 


Past term test and exam questions: 

2017 Term Test 1: Part |, Question 1 

2018 Term Test 1: Part 1, Question 2 

2020 Term Test 1: Part 1, Question 1, Team Question 5b 
2021 Term Test 1: Q3, Q4, 

2021 Final: Q1 


A3: Partial Fractions - Module Description and 
Suggested Problems 


What This Module Is About 


Partial fraction decomposition is a very useful method that allows us to express any rational function (i.e. "polynomial divided by a 
polynomial") as a sum of much easier fractions that can be integrated using methods that we already know. 


Partial fraction decomposition has important applications beyond integrating rational functions. For example, electrical and mechanical 
engineers use partial fractions for analysing linear differential equations with resonant circuits and feedback control systems. You might 
also learn about something called the Laplace Transform later in your engineering career, where partial fraction decomposition is also 
very useful. 


Once we have finished this module... 


e ... you will understand partial fraction decomposition as the reverse process of adding fractions. 

e ... you will be able to recognise the circumstances under which polynomial long division is needed, and use long division to write 
any improper rational function as the sum of a polynomial and a proper rational function. 

e ... you can distinguish the difference between single and repeated factors, and between linear and irreducible quadratic factors of 
polynomials. 

e ... you will be able to express any proper rational function as a sum of “simple functions” and to solve the resulting integrals. 


Textbook Reference: Calculus Volume 2 Chapter 3.4 https://openstax.org/books/calculus-volume-2/pages/3-4-partial-fractions 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 


lots of conceptual exercises. Please also note the comments on the study advice page 
The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
189, 193, 209, 223, 227, 231 


Past term test and exam questions: 
2017 Term Test 1: Part 1 Question 2 
2019 Term Test 2: MC, Question 1 
2020 Term Test 1: MC, Q2 

2021 Term Test 1: Q1, Q4 


A4: Numerical Integration - Module Description and 
Suggested Problems 


What This Module Is About 
There are three main instances when finding the exact value of a definite integral is impossible or infeasible: 


e itis impossible to find an explicit antiderivative 

e itis possible but very hard to find an explicit antiderivative 

e we need to integrate empirical, tabulated data coming from an experiment in which case we do not know "the function" behind the 
experiment. 


In these cases we need to find approximate values of definite integrals. In this module we will learn different approximation techniques. 
We will review the left point and right point rule from MAT186 and introduce the midpoint and trapezoid rules. We will also consider 
"taming the error" of our approximations to decide how "good" it is. 


Once we finished this module... 


e ... you will appreciate the need for numerical integration and its applications to practical situations. 

e ... you will understand that approximating an integral boils down to approximating the graph with simpler functions. 

e ... you will be able to approximate an integral using different methods. 

e ... you will be able to decide which approximation method to use given the constraints of your model from an applied context (e.g. if 
you should over- oder under-estimate a quantity). 

e ... you will understand the meaning of the error of an approximation and will be able to determine an upper bound for the error in an 
approximation of an integral. 


Textbook Reference: Calculus Volume 2, Chapter 3.6 https://openstax.org/books/calculus-volume-2/pages/3-6-numerical- 
integration _(https://openstax.org/books/calculus-volume-2/pages/3-6-numerical-integration) 


Note that we are not covering Simpson's Rule in this course. 


Calculus Volume 2, Chapter 1.1 https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas 
(https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
Chapter 1.1, 13, 17, 21, 25, 31, 45, 53 
Chapter 3.6, 299, 303, 307, 317, 325, 341 


Past term test and exam questions: 
2019 Term Test 1: 7 

2019 Exam: 12b (use Part a) 

2020 Term Test 1: Q5/6/7, Q10 
2021 Term Test 1: Q6, Q7 

2021 Term Test 2: Q2, Q3, Q4 
2021 Final: Q4 


A5: Improper Integrals - Module Description and 
Suggested Problems 


What This Module Is About 
Our main objective in this module is to extend the concept of definite integral to the case where one of the following two happens: 


e Integrals over unbounded intervals where the interval of integration is infinite. 
e Integrals of unbounded functions where the integrand has infinite discontinuities (vertical asymptotes) within the interval of 
integration or at one of the bounds. 


These two types of integrals are both called improper integrals. Typical applications of these integrals can be found in physics (e.g. 
energy necessary to escape earth's gravitational field) and probability and statistics (e.g. likelinood of a certain quantity being above a 
threshold). 


Once we finished this module... 


e ... you will understand improper integrals as limits of definite integrals. 

e ... you will be able to determine whether an improper integral converges or diverges by either evaluating it from the definition, or by 
comparing it to other integrals whose convergence is already know. 

e ... you will appreciate the importance of improper integral in real life applications. 


Textbook Reference: Calculus Volume 2, Chapter 3.7 https://openstax.org/books/calculus-volume-2/pages/3-7-improper- 
integrals _(https://openstax.org/books/calculus-volume-2/pages/3-7-improper-integrals) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
347, 353, 357, 373, 387 


Past term test and exam questions: 

2019 Term Test 1: Long Answer Part Question 8 
2017 Term Test 1: Part Il Question 11 

2020 Term Test 1: Q9, Q11 

2021 Term Test 2: Q2, Q5, Q6 

2021 Final: Q2 


B1: Riemann Sums - Module Description and 
Suggested Problems 


What This Module Is About 


Why do we compute integrals? By now you are probably quite good at naming several techniques and using them. You probably also 
know that integrals describe "the area under a curve". That's nice, but why is it again that we care to find that "area under a curve"? 
The fact is that in many applied contexts in engineering you will encounter situations where something more or less continuous needs 
to be "summed up": 


e Summing up the density along the length of a piece of metal gives mass. 

e Summing up cross-sectional areas along the length of a solid object gives volume. 
e Summing up the force exerted by a drive along displacement gives energy. 

e and so on... 


This is why we care about integrals so much. And that's why in this module we want to discover interesting examples of such 
applications. 


You have already seen Riemann Sums and many applications in MAT186. In this module, we are revisiting Riemann Sums, but thanks 
to more integration techniques we are now able to handle more sophisticated Riemann Sums than some months ago. 


Once we finished this module... 


e ... you will be even more comfortable with sigma notation for finite sums. 

e ... you will be able to translate an applied problem into a Riemann Sum by thinking of the applied situation in terms of "slices". 

e ... you will be able to go from a Riemann Sum (which is an approximation of a quantity we are looking for) to an Integral (which - if 
computed instead of approximated - provides the exact value of that quantity). 


Textbook Reference: 


For sigma notation and Riemann Sums: Calculus Volume 2, Chapter 1.1 https://openstax.org/books/calculus-volume-2/pages/1-1- 
approximating-areas (https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas) 


To translate from Riemann Sums to Integrals: Calculus Volume 2, Chapter 1.2 https://openstax.org/books/calculus-volume- 
2/pages/1-2-the-definite-integral _(https://openstax.org/books/calculus-volume-2/pages/1-2-the-definite-integral) 


For applications: Calculus Volume 2, Chapters 2.1-2.6 https://openstax.org/books/calculus-volume-2/pages/2-introduction 
(https://openstax.org/books/calculus-volume-2/pages/2-introduction) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 

1.1: 8, 13, 17, 35, 37, 55 

1.2: 67, 79, 105, 107, 113, 127, 135 
2: 456 


Past term test and exam questions: 
2017 Term Test 1: 10 

2018 Term Test 1: 11 

2019 Term Test 1: 7 

2019 Exam: 12 

2020 Term Test 1: Q3, Q12 

2020 Term Test 2: Q8 

2020 Final: Q1 (also needs F-modules) 
2021 Term Test 2: Q1, Q7 


C1: Introduction to ODEs - Module Description and 
Suggested Problems 


What This Module Is About 


Differential equations have wide applications in many different areas of engineering and science. They play an extremely important role 
in modelling a wide variety of real problems, such as current in an electrical circuit, radioactive decay, cooling, bridge design, 
suspension in a car, and so on. In general, whenever we study physical quantities that change with time, we will need to model the 
situation using differential equations. 


The main goal of this module is to give you a broad view of the subject of Ordinary Differential Equations (ODEs). We will introduce a 
few important definitions and some commonly used terminology, and discuss different ways that differential equations are classified. 


By the end of this module... 


e ... you will be acquainted with some of the language used to discuss differential equations. 

e ... you will be able to check whether a given function is a solution to a given differential equation. 
e ... you will be able to analyse some simple differential equations. 

e ... you will be exposed to some simple real life applications of ODEs. 


Textbook Reference: Calculus Volume 2, Chapter 4.1 https://openstax.org/books/calculus-volume-2/pages/4-1-basics-of- 
differential-equations _(https://openstax.org/books/calculus-volume-2/pages/4-1-basics-of-differential-equations) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
17, 23, 25, 57, 63 


Past term test and exam questions: 
2019 Term Test 2: 10 

2018 Term Test 2: 2-4 

2020 Term Test 1 MC, Q4, Q8 
2021 Term Test 3: Q5 

2021 Final: Q1 


C2: Separable ODEs - Module Description and 
Suggested Problems 


What This Module Is About 


We already know how to check if a given function is a solution to a differential equation, but how can we find such solutions in the first 
place? Unfortunately, finding explicit solutions to a differential equation is usually very difficult, and sometimes even impossible. 
However, there are very special types of equations that can actually be solved. In this module we will focus on one of these, called 
separable equations, and we will develop a method for solving them. 


Separable equations appear in real wold problems such as radioactive decay, population growth, changes in the temperature of your 
coffee, etc.. 


By the end of this module... 


e you will be able to recognise a separable differential equation; 
. : : f dy 
e you will be able to solve differential equations of the form 77 f(t)g(y) 


e you will be able to study some real life phenomena that can be modelled using separable equations. 


Textbook Reference: Calculus Volume 2, Chapter 4.3 https://openstax.org/books/calculus-volume-2/pages/4-3-separable- 
equations (https://openstax.org/books/calculus-volume-2/pages/4-3-separable-equations)_ 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 


The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
127, 135, 151, 155, 157, 167 


Past term test and exam questions: 
2018 Term Test 2: 7 

2018 Term Test 2: 3 

2019 Term Test 2: 10 

2020 Term Test 1: Q13 


C3: Linear First-Order ODEs - Module Description 
and Suggested Problems 


What This Module Is About 


In this module we will learn a technique to solve one of the most important types of differential equations - the first-order linear 
differential equations. First-order linear differential equations are extremely important in science and engineering as they model 
phenomena of cooling, population growth, radioactive decay, mixture of salt solutions, series circuits, draining a tank, economics and 
finance, drug distribution, etc.. 


By the end of this module... 


e you will be able to recognise a first order linear differential equation and write it in its standard form. 
e you will be able to solve a differential equation of the form a + a(t)y — b(t). 


e you will understand how the integrating factor itself is the solution of an ODE involving a(t). 
e you will appreciate the importance of linear first-order differential equations in real life applications 


Textbook Reference: Calculus Volume 2, Chapter 4.5 https://openstax.org/books/calculus-volume-2/pages/4-5-first-order-linear- 
equations (https://openstax.org/books/calculus-volume-2/pages/4-5-first-order-linear-equations) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
219, 225, 229, 245, 251, 255, 259, 261 


Past term test and exam questions: 
2018 Term Test 2: 4 

2017 Term Test 2: 2 

2020 Term Test 1: Q13 

2021 Term Test 3: Q3, Q4 


C4: Qualitative Analysis of ODEs - Module 
Description and Suggested Problems 


What This Module Is About 


In Modules C2 and C3, you learned about helpful techniques to find solutions to Ordinary Differential Equations that are linear and/or 
separable. The "bad news" is that there are many ODEs in applied contexts that aren't this nice and straightforward to solve. While, 
given some basic conditions, most ODEs have a solution, finding an explicit expression for the solution can be hard or impossible to 
do. This isn't surprising. In the end, finding ODEs is closely related to finding integrals. And finding integrals can be tricky. 


So what do we do if we have an ODE in an applied context and can't just solve it? Broadly speaking, there are two possible 
approaches: 


e One option is to find approximate solutions. For example there is a process called "linearization" that takes a more complicated 
ODE and replaces it by a simpler ODE that is "similar" and can be solved. And there are numerical techniques, like Euler's Method 
(see MAT 186) that allow you to approximate the solution. 

e Another option is to make predictions about the behaviour of solutions without finding a solution. 


The methods your learn in this module will all be of the second kind. We will not solve a single ODE in this module. Instead we will 
study the behaviour of solutions directly from the ODE. It is one of the most powerful ways to study ODEs, and also one of the methods 
that most depends on a "human factor" (i.e. computers are very bad at this). 


By the end of this module... 


e ... you will understand the difference between phase plots in the y-y'-plane and solution plots in the t-y-plane. 

e ... you will be able to translate from phase to to solution plot and vice versa. 

e ... you distinguish between autonomous and non-autonomous ODEs. 

e ... you can find equilibria and classify them by their stability. 

e ... you can predict the monotonicity (increasing/decreasing) and concavity of solutions from equations and phase plots. 
e ... you can plot direction fields and use them to analyze the behavioud or functions. 


Textbook Reference: Calculus Volume 2, Chapter 4.2 https://openstax.org/books/calculus-volume-2/pages/4-2-direction-fields- 
and-numerical-methods (https://openstax.org/books/calculus-volume-2/pages/4-2-direction-fields-and-numerical-methods) 


Note: We will NOT cover the numerical methods in this chapter. 
Note: Phase plots and predicting monotonicity and concavity are not covered in the texbook. 


Note: This module is a new addition to MAT187, which means there are limited past term test exercises. 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 
goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 67, 69, 71, 73, 79, 81, 83, 84-88, 89-93 


Past term test and exam questions: 
2020 Test 1: Q8 
2021 Test 3: Q5 
2021 Final: Qic 


C5: Modeling with ODEs - Module Description and 
Suggested Problems 


What This Module Is About 


First-order differential equations can be used to investigate a wide variety of problems in engineering and in the physical, biological, 
and social sciences. In this module, we will explore some applications. Some examples are: 


e If adding sugar to a tank at a certain rate, how long will it take before we reach the salt concentration we want? 

e How can a model for population dynamics capture exponential growth while also capturing the fact that there are only finite 
resources available? 

e How does gravity affect falling objects? 

e How do you model the word-of-mouth-effect when a rumour is spreading? 


These are just examples of applications. The ways how ODEs can be used to 
By the end of this module... 


e ... you will be able to use differential equations to model real life situations. 

e ... you will be able to use these models to predict the behaviour of such situations. 

e ... you will be familar with the "stuff equation" that models how a certain quantity enters and/or leaves a system. 
e ... you will be comfortable with creating a model for a situation you haven't encountered before. 


Textbook Reference: https://openstax.org/books/calculus-volume-2/pages/4-4-the-logistic-equation 
(https://openstax.org/books/calculus-volume-2/pages/4-4-the-logistic-equation) (note: we will cover additional applications that are not 
covered in this textbook chapter) 


Suggested Problems 


Reminder: Almost all suggested textbook exercises are basic procedural exercises that serve as "first step exercises" to understand 
the "building blocks" that more conceptual exercises are made out of. But doing textbook exercises is not enough to fulfill the learning 


goals and to prepare for the assessments in this course. Learning how to "build" solutions requires practice, so it is critical to play with 
lots of conceptual exercises. Please also note the comments on the study advice page 

The old tests as well as the worksheets that we provide give examples of the more conceptual exercises that you will be asked to do 
on assessments. 


Textbook Exercises: 
175, 177, 191, 195, 201 


Past term test and exam questions: 
Term Test 2 2019: 10 

Term Test 2 2018: 12 

Term Test 2 2017: 9 

Term Test 2 2020: 12 

2021 Term Test 3: Q3, Q4 


A1 Integration By Parts 


A2 Trigonometric Substitution 


A3 Partial Fractions 


A4 Numerical Integration, Approximating Integrals 
A4 Numerical Integration, Estimating Errors 


A5 Improper Integrals with Infinite Bounds 
A5 Improper Integrals with Unbounded Integrands 
B1 Sigma Notation 


B1 Using Riemann Sums 


C1 Introduction to Ordinary Differential Equations 
C2 Separable ODEs 


C3 Linear First-Order ODEs 


A1: Integration By Parts (Pre-Class Essentials) 


Due Jan 10 at 11:59pm Points 2 Questions 1 Available until Jan 10 at 11:59pm 
Time Limit None 


Instructions 


This is the first edition of the pre-class essentials. Some quick reminders: 


You are supposed to spend 30 minutes on the pre-class essentials. In most cases this will involve reading a short text or watching 


a short video. 
At the end, there is a quiz. The pre-class essential quizzes will count towards your mark. 
The content of the essentials will not be recapped in class. If you don't do the essentials, you might not be able to follow the 


class. 


In January (during online delivery), PCEs will be due at midnight on the same day for all students, no matter which section 
you are enrolled in. 


Clarification: It is not necessary to read the associated textbook chapter as part of the PCEs. The text provided directly on 
Quercus, like the one below, encompasses the entire PCEs. 


Without further ado, let's get going! 


In Calculus |, you learned about the product rule for two differentiable functions: 
(u(x)v(a))’ = u'(x)v(a) + u(x)v’ (x) 
We can use this rule to devise a nice "trick" that helps us to integrate products. 


The Product Rule helps us to find the derivative of products, Integration By Parts will help us to integrate products. 


These PCEs have three parts: 


e First, we will find the rule that Integration By Parts is based on. 
e Then we will do an example that uses the rule. 
e And then we will look at what we did to understand why all of this was useful. 


From Product Rule to Integration By Parts 


To get the new "Integration By Parts" rule, let's start with rearranging the product rule (see the equation above): 


u(x)v (x) = (u(x)u(x))’ — v(x)u (x) 


We can now integrate with respect to x on both sides and get 


[ue @az = [eum dx — [ou dx 


For the second integral, integration and differentiation "cancel" and therefore we get 


frewa dz = u(x)v(x) — fewo) dx 


Usually, we write du = v' (x)dz and du = w’(«)dz and we get the following theorem: 


Theorem (Integration By Parts) 


Suppose that u and v are both differentiable functions. Then 


fuw=w- fvdu 


You might now wonder: Okay, we found some equation, now what? What's the point? 


Let's have a look at an example. Afterwards, it will hopefully be clearer what the value of Integration By Parts is. 


An example 


Let's consider this integral: f xe?” da. 


We are facing an issue when trying to integrate this: x is easy to integrate. e?” is easy to integrate. But we have a product of the 


two. 


We can NOT do this: [re dz = fe dx G dx 


Integrals of products can't be split this way! Instead, Integration By Parts can help us to deal with fxe” dz as follows: 


We can choose u = x and dv = e”* dz. This gives us du = 1 - dz = dz and v = T 


1 1 
/ £ e” dx = re” - f3” dx 
See 2 2 SY 
u 


dv —=_—— =v du 


uv v 


We can now use again that the antiderivative of e?” is just se + C and do the last step: 


1 1 1 
l x e” dr = r-e” - |3” dx = —xe?* — 


SoA 2 
dv ——” “Ss” du 


Uv v 


So in total, we get 


We have found the antiderivative of ze?”! 


. We can now use integration by parts: 


Why is this useful? 


If you look at the example, there are several things that happened, helping us to find the integral: 


e Integration By Parts made the "annoying x" go away from inside the integral. 
o u was a annoying, but after we derived it, it got simpler (it actually kind of "disappeared"!) 

e e?” did not disappear from the integral, but we were able to deal with it after Integration By Parts 
o y was easy to deal with once we simplified u 


This is the power of Integration By Parts: We can replace one of the two functions by its derivative, and the other one by its integral. In 
other words, if we have a product of two functions, we can use Integration By Parts to "differentiate away (some of) our problems”. 


When things get more complicated... 


In class we will talk about the following: 


e How do we decide which of the two functions is u and which one is dy? 
e How do we recognize that we should use Integration By Parts in the first place? 
e Are there cases where we have to use Integration By Parts more than once in a row? 


This quiz was locked Jan 10 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 33,378 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Jan 9 at 12:40am 
This attempt took 33,378 minutes. 


Question 1 2/2 pts 


Consider the example presented in the PCEs above. 


Select the one statement that does NOT (!) apply to the example. 


We used Integration By Parts because du was simpler than u. 
We used Integration By Parts because v was simpler than dv. 
We used Integration By Parts because we wanted to integrate a product of two functions. 


We used Integration By Parts because it changed a more complicated integral to a simpler integral. 


Quiz Score: 2 out of 2 


A2: Trigonometric Substitution (Pre-Class Essentials) 


Due Jan 12 at 11:59pm Points 2 Questions 2 Available until Jan 12 at 11:59pm 
Time Limit None 


Instructions 
We will continue our study of integration techniques with Trigonometric Substitution. As the name says, "trig sub" (as it is often just called) 
replaces a variable with a trigonometric expression. 


First, recall the following two trigonometric identities that we will be using a lot in this section: 
cos? (0) + sin? (0) = 1 
2 2 2 
tan“ 0 + 1 = sec* 0 


Integrals and Pythagoras 


The best way to introduce trigonometric substitution is through an example. You will see one example in these PCEs and then we will deal 
with more sophisticated ones in class. 


Let's consider the following integral / dz | At the moment, you have no means of finding the antiderivative of this. However, 


1 
V4 — 2? 
integrating such functions is very important since such root terms appear all over the place in applications. 
If you look at the function, it reminds us a bit of the pythagorean theorem. For example, we can rearrange q2 + b2 = œ to 
b = 4/ c2 — q2 and this looks already quite a lot like the "problem term" in the integral if we pick c = 2 and a = g. 


Let's draw a triangle. 


The Reference Triangle 


f 
ir 


When doing trigonometric substitution, this is called a reference triangle and it will be very useful below. 


, , . =a 
Channeling our trigonometry knowledge, we get sin 0 = = and we get cos 9 = i P 


Let's rearrange these equations to 7 = 2sin@and 4/4 — 72 = 2 cos 0 - 


Substitution and Resubstitution 
We can use these very useful relationships to use substitution: 
z = 2sinf implies dæ = 2 cos 0 dô. 


And of course (that was the whole point!) we have 4/4 — 72 = 2 cos 0. Plugging this all in, we arrive at this: 


2 cos = fia 


| =- J 


Now, look at this satisfyingly simple integral we ended up with! Let's do the last step! 


2 cos 0 


1 
[ase] 
fae 2 cos 0 


d= [148=8+C 


We are almost done now. Note that we started with an integral in terms of Z , so we should also end with a function in terms of æ (this is 
called "resubstitution"). So the question is, how can we write @ in terms of x ? 


You are encouraged to think about this for a moment before scrolling down. 


We have z = 2 sin @ and therefore 0 = arcsin =. Let's plug that into our calculation. 
z g 


= [Zt a- fido =04+0= arcsint +c 
2 cos 2 


1 
| -=a 
V4 — x? 


We did it! We found the antiderivative! Yayyyyyy! 


Paying attention to the domain of trig functions 


There is one last thing we have to pay attention to. Namely, sine is a periodic function that only takes values between -1 and 1. so that 
means that, for example, arcsin 5 makes no sense (there is no number Z such that sin z = 5). 


Let's look back at the initial integral which has the expression ,/4 — g2 . This requires that —2 < x < 2 (no equal signs, because if, 


for example 7 = 2 , we would divide by zero in the integral!) So when we write 7 = 2 sin ĝ , we can pick —r/2 <0< m/2 . That 
way we get all the values between -2 and 2. 


T 


5 is only "fed" numbers between -2 and 2 and the result is an angle 


And now, the expression we got in the end makes sense: arcsin 
between —17/2 < 0 < 7/2. 


Note that, of course, we could've instead picked 37/2 <@< 5a /2 (or many other options) because the sine is periodic. That would 
also be valid, but —7/2 < @ < 7/2 is arguably the most convenient choice. 


A side note 


What often is the most surprising when using trig sub is that we - intentionally - make the integral "look more complicated", that is: we 
replace something as simple as x with something more complicated like 2 cos 9, and this ended up helping us a lot! 


You should now be able to work on the following questions. Make sure that you know how to solve them before class! 


This quiz was locked Jan 12 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 36 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Dec 17, 2021 at 11:49am 
This attempt took 36 minutes. 


2) 
2) 


D 
9 


Question 1 1/1 pts 


If you want to solve f E dx, which of the following trigonometric substitutions is the most helpful 
et 


one? 
x = 3tan0 
xz = 9sin 
x = 9tan 0 
xz = 3sin0 
Question 2 1/1 pts 


Consider the following situation: You had to solve an integral. You used 7 = 5 cos ĝ as a 
substitution. You ended up with the following: 


You now want to get rid of 9 (which you only used as a “helper variable"). So you want express the 
final result in terms of x again. Which of the following is the correct expression? 


Hint: Draw a reference triangle with an angle @. You know two sides already! 


Quiz Score: 2 out of 2 


A3: Partial Fractions (Pre-Class Essentials) 

Due Jan 14 at 11:59pm Points 2 Questions 2 Available until Jan 14 at 11:59pm 
Time Limit None 

Instructions 


These PCEs are a bit longer than the typical PCEs. No worries, they won't all be this long from now on! 


Before we get into any methods, we need a definition. Before you read it, a general piece of advice: Often students have troubles grasping 
a mathematical method because they underestimate the importance of definitions. Don't skip definitions! Learning methods without 
learning definitions is like learning grammar without learning the vocabulary. 


With that word of advice, let's define something: 


Definition: We call f(z) = ne a rational function if both p(x) and q(x) are polynomials. If, on top of that, the degree of p(x) is less 


( 
q(x 


than the degree of q(x), then we call f(x) a proper rational function. 


Quick check: Consider these functions: 


e f(z) = 


T 


r2 +5r+3 
5a? —102+3 
e Ab SS —— 
a ) Tz4+5xz—1 
924 —132—20 
324-3244 


One of them is a proper rational function, one of them is a non-proper rational function and one of them is not a rational function at all. 


Make sure you know which one is which before scrolling! 


f(x) is not a rational function because it involves an exponential. g(x) and h(x) are both rational functions. g(x) is also proper, since the 
denominator has degree 4 and the numerator has only degree 2. h(x) is not proper, since the degrees are the same. 


Okay, now let's get to the actual method we want to learn. 
Question for you: Which of these would you rather integrate? 


32 1 2 
— d d 
|= i 5 [t+ ý 


You probably prefer the one on the right because 


1 2 
/ + dz = ln |æ + 1| + 21n |z — 2| + C 
vtl 22 


But we are messing with you. In fact, both the left and the right function are the same function. You can check that! 


2 3x 


e You can go from -= + z That's the process of finding a common denominator. Finding a common denominator is 


x—2 i r2? —g 
easy (you probably learned it in high school), but it is not very useful when trying to integrate something (because you make a simple 
thing more complicated). 

3r 1 
You can go from E to F] 


but it is very useful when trying to integrate a proper rational function (because you make a complicated thing simpler). 


+ 2 That's the process of partial fraction decomposition (PFD). It requires a bit more work, 


Partial Fraction Decomposition is the process of splitting up a proper rational function into simpler parts that are then easier to 
integrate. The idea is to "undo the process of finding a common denominator". 


Long Division 


Qn? +372+144 


Let's say we want to integrate : 
z?+132+40 


e This is a rational function, but it is not proper. But we can only use PFD on proper rational functions. 
2g? +37r+144 112+64 
z24+132+40 2? +132+40— 
(If you want to recap long division, have a look at this example on Wikipedia: Polynomial Long Division 
(https://en.wikipedia.org/wiki/Polynomial_long_division#Polynomial_long_ division) ). 
11z+64 
z?+132+40 ` 


e So we first need to use long division to get 


e Integrating the 2 is easy. So let's focus on 


Distinct Linear Factors 


1xz+64 


We want t lit ———_ 
one or xz2+132+40 


into simpler fractions. First, we split up the denominator into its linear factors like this: 


llz+64 — = 1lz+64 
z?+132+40 (x+5)(x+8) 


This is the moment where it's the time to shine for PFD. Note that in the denominator, we have two distinct linear factors, x + 5 and 
az + 8. They are called distinct because 5 and 8 are different numbers. The case where we have the same number several times (e.g. 
(x+5)(x+5) or even more repetitions) will be covered in the lecture video. 


Instead of reading the following paragraphs, you can also watch this video: 
Pre-Calculus - Partial Fraction Decomposition 


> 


Due to a fundamental fact in algebra (which unfortunately we won't have the time to prove in this class) we can always find numbers 
A and B to make the following split (decomposition) work: 


1lz+64 > 
(x+5)(x+8) 


(This works for any distinct linear factors) 


What is left for us to do is to find the coefficients A and B. If we multiply with the common denominator, we get 
llz+64= A(x + 8)+ B(x +5) 
Rearranging this by powers of x, we get 
11x + 64 = (A+ B)a + (8A + 5B) 
Comparing the powers of x, we now have two equations for A and B: 
A+B=11 8A+5B= 64 


You can solve this your favourite way and you get 4 — 3 and B = 8. So finally we have 


llz+64 _ 3 8 
(a+5)(a+8)  z+5 1+8 


Now we can go all the way back to the original function that we wanted to integrate. 
Thanks to the Partial Fraction Decomposition, we can just use the logarithm: 


p, f: llz + 64 
———_—— y = De, 
r? + 13x + 40 xz? + 13x + 40 


lix + 64 
= | 2+ — dz 
(x + 5)(a + 8) 
3 8 
— |2 d 
[Ht = 
= 22+ 3ln |z + 5| + 8ln |z + 8| + C 


You should now be able to answer the first question of the quiz. 


Distinct Quadratic Factors 


In the example above, we split up the denominator from 7? + 13a + 40 to (x + 5)(x + 8). But sometimes we can't split a 
denominator like this. In that case we have an irreducible quadradic factor. 


Definition: We say that the quadratic polynomial ag? + bx + cis irreducible if gr? + br + c = 0 has no real solutions. 


The word irreducible is used because in this case, we can't reduce qg? + bæ + cto a product of two linear factors. 


An example is the quadratic polynomial 7.2 + 1. We cannot write it as a product of linear factors. (For those of you who know complex 
numbers, we could factor it using complex numbers, but that is a different story). 


Our previous method doesn't work directly if the denominator is irreducible. Here is an example. We would expect that we can find A and 
B to make this work: 


1 A B 
= — + —— 
r(x? +1) z 241 
Try it out! You will run into a problem when finding A and B. 


That's why we need to change our method a bit. 


For an irreducible quadratic factor, we need a polynomial of degree 1 in the numerator. 


(again, we unfortunately don't have the time in this class to demonstrate why this is the case) 


Back to the example, we need to write: 
1 -A Br+C 
x(x2+1) z xr? +1 
Note the difference in the second fraction. 


This setup works out! You should see that A=1, B=-1 and C=0 works. 


Now we could integrate this: 


1 1 1 1 
|-> e=- |ti- |- da= mnel- Gt ste 
r(x? + 1) ce e+ z a? +1 2 


For the last step, we used substitution y — x? + 1 in the second integral. 


Overview 


When we want to simplify a rational function, we 


1. ... use long division to get a proper rational function (if it isn't already proper) 

2. ... split the denominator in a product of linear factors and/or irreducible quadratic factors (always double check that a quadratic factor 
really doesn't have roots. If it has a root, you must split it further into linear factors first!) 

3. ... use a Single coefficient in the numerator for a linear factor, or an expression of the form Ax+B for an irreducible quadratic factor. 


This always works as long as the same factor doesn't appear twice. In the lecture video we will deal with the case where the same factor 
appears twice (or three times or...) 


You should now be able to answer the second question below. 


This quiz was locked Jan 14 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 3 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Jan 14 at 8:50pm 
This attempt took 3 minutes. 


Question 1 1/1 pts 


Select ALL the terms that we need in the partial fraction decomposition of z ; 
H i — 


O 
2) 
@ 

) 

Is 


God job! 


Question 2 1/1 pts 


Match each rational function on the left to the appropriate PFD setup on the right. 


You might not need all the options on the right and several lines might have the same answer! 


2 A B 
— Select v A 
r(x? +4) l (1) x a r? +4 
2 A Br+C 
——_ Select ] v Z 


Eoc A B C 
r+2 A Br+C 
——— | [Select] v = a 


As an additional exercise, you are encouraged to actually find the values of the coefficients A, B, C, 
... In each case. 


Answer 1: 


Answer 2: 


Answer 3: 


Answer 4: 


Quiz Score: 2 out of 2 


A4: Numerical Integration, Approximating Integrals (Pre-Class 
Essentials) 


Due Jan 17 at 11:59pm Points 2 Questions 2 Available until Jan 17 at 11:59pm 
Time Limit None 


Instructions 


Not every integral can be integrated... 


The ones in your Calculus book have been chosen to be friendly, tame integrals — ones you can solve with a bit of effort. But there are lots 
of real-world problems in which you find yourself wanting to know the value of a definite integral that you (and even Wolfram Alpha!) can't 
integrate explicitly. 


For example, if you're trying to figure out the probability that someone is over 200 cm tall in a population that has average height of 173 cm 
with a standard deviation of 12cm, after a little bit of work you'll find yourself trying to integrate a function like enn" . Which is impossible to 
integrate explicitly by hand (we mean that it is not just hard, but literally impossible to do). 


. but 


You can always approximate the definite integral whose true value you need. If your project relies on knowing [> ee dz then you can 


use a computer to find a number that is close to fa ae dz. This number is an approximation of the true value. Using a computer, you 


can get that approximation to be as close to the true value as you'd like (the longer you run the computer, the closer your approximation 
will be to the true value). 


Havina an annravimatinn that'e "elaca" ta tha triia valia ie nrahahlv anina ta ha nannd anniiah far mact nirnacac haraiica tha nrnhlam 


I lavilly all APPIVAILIIAUUYUIT UIAL O VIVOU Ww UIG UU VAIUG IO vMiyvVaVvly yvy tW Vo yvvu virvuyll IJI TiVo vYulpyveywrys;, NOSvauvs UIG VPIVNVISIIL 
you're working on will have an error tolerance and as long as you have a way of meeting the error tolerance, you've got a good 
approximation. Designing wheels for a shopping cart allows for a larger error tolerance than if you were designing parts for an electron 


microscope... 


TLDR: What can | do if | need to know the value of a definite integral and it's an integral | can't solve by hand? 


In MAT186, you have seen the left-end approximation (L, ) and right-endpoint approximation (R,,) of an integral. Make sure you 


remember how these work: 


y y = f(x) y 


1 
Xo X Xo XR X4 Xs X6 Xo X x% 


(a) 


Figure 1.5 Methods of approximating the area under a curve by using (a) the left endpoints and 


As a recap exercise, try this one: Sketch L4 and R4 approximations for fp? 1 dz. Then compute the approximation in each case. 
T 


Are the approximations larger or smaller than the "true value"? 


The Midpoint Rule 


The midpoint rule, /,,, is a Riemann sum just in the same manner that L „and R,,are. For each sub-interval: 


1. choose a point, namely the midpoint of each interval 
2. evaluate the function at that point 
3. compute the area of the resulting rectangle 


Then add all the areas up. 


In the following figure there are four rectangles, each with their height determined by the function evaluated at the midpoint of the 
subinterval. 


Figure 3.13 The midpoint rule approximates the area between the graph of f(x) and the 
x-axis by summing the areas of rectangles with midpoints that are points on f(x). 


Here (https://www.desmos.com/calculator/nimg3ynhxz) is a Super-cool Desmos page that you can play around with if you'd like. You can 

choose the function, you can choose the interval [a,b], and you can choose whether you're using the left-endpoint approximation, the right- 
endpoint approximation, or the midpoint rule. Note things get interesting if you choose a function that is both positive and negative in [a,b]. 
The desmos page gives blue rectangles (whose area of gets added) and orange rectangles (whose area gets subtracted). 


Thank you to Michael Breeling (who you know from MAT186) who created this Desmos applet. 


Because the left-endpoint approximation L, , right-endpoint approximation R,,, and midpoint rule M, are all Riemann sums, we know 
(trust us, we are mathematicians) that if the function f is continuous on la, b] then they all converge to the actual integral 


A = f? f(a) dxasn > oo. 


The Trapezoid Rule 


The trapezoid rule J}, , on the other hand, is not a Riemann sum. It's fundamentally different. You can understand it as "let's 
approximate the smooth graph using a connect-the-dots curve and compute the area of the connect-the-dots curve". 


In the following figure, there are four line segments approximating the graph, the area beneath the four line segments is the area of the 
four blue trapezoids. We denote this approximation by 7% . 


f(x) 


a= Xo Xı Xo Xo b — X4 


Figure 3.14 Trapezoids may be used to approximate the area under a curve, hence 
approximating the definite integral. 


Here (https://www.desmos.com/calculator/mjnyggn7wa)_is another desmos applet where you can play around with the Trapezoidal rule. 


You can now answer the two quiz questions. 


Important: For these quiz questions, you do NOT need to apply any "fancy formulas". The questions are purely geometrical in 


nature. Ihat means they are best solved it you get a sheet ot paper and a pencil and draw some approximations. Ihen look at them to tind 
the answer. 


The actual formulas for the approximation rules will be covered in the lecture. 


Additional questions for the curious 


e The trapezoid rule isn't a Riemann sum and so how do we know that as n —> œ it converges to the integral A? 

e The trapezoid rule and the left-endpoint approximation require approximately the same number of button-pushes on your 
calculator. They result in two different approximations — is one "better" than the other in some sense? What if you compare the 
trapezoid rule with the midpoint rule? 

Two points determine a line segment and the trapezoid rule was built on finding the area under line segments. What about using 

three points on the graph to determine a parabola segment and finding the area under the parabola segments? What about using 
four points on the graph to determine a cubic segment and finding the area under the cubic segments? And so forth and so forth. 
Would approximating the function with higher and higher degree polynomials be better than just committing to lines and taking 

n —> œ? 


This quiz was locked Jan 17 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 6 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Jan 14 at 11:41pm 


This attempt took 6 minutes. 


Question 1 1/1 pts 


For f(x) shown below, order Dy, Rə, Tz, and f f(a) dz- 


from smallest to largest, where 1 is the smallest and 4 is the largest. 
Reminders: 


e Do not compute these approximations. Instead draw them similar to the pictures above and you 
should see which areas are larger/smaller. 

Ly is the left-point approximation with two intervals. 

e Rg is the right-point approximation with two intervals. 

e Th is the trapezoid rule with two intervals. 


m f(a) dz is the actual value of the integral. 


i 
(x) d 
23 


L 
2 
[ 
Selec 
t 
] 


R 
9? 
[ 
Selec 
t 
] 


Correct! 


Correct! 


Correct! 


Correct! 


Answer 1: 


3 


Answer 2: 

1 - smallest 
Answer 3: 

4 - largest 


Answer 4: 


2 


God job! 


Question 2 


For f(x) shown below, order Lə, Rz, T> and f f(x) dz 


from smallest to largest, where 1 is the smallest and 4 is the largest. 


See Question 1 for some reminders. 


©) 
2) 


f? f(x) dx2 
L 1 - smallest 
Rə 4 - largest 

Ts 3 


Answer 1: 


Answer 2: 

1 - smallest 
Answer 3: 

4 - largest 


Answer 4: 


Some "food for thought" in case you are interested. You don't need to submit anything for 
this question! 


Based on the previous two questions, it seems that the shape of the graph of a function is related to 
whether some approximations are an overestimate or an underestimate for the integral. As an 
additional exercise, think about the following questions: 


If f is increasing on |a, b], is any of the approximations, Ly , Rn, Mn. Tn guaranteed to be an 


overestimate for P f(x) dz ? What can you say about these approximations if f is decreasing? 
a 


If f is concave up on |a, b], is any of the approximations, Lyn , Rn, Mn, Tn guaranteed to be an 


overestimate for iid f(z) dz ? What can you say about this approximations if f is concave up? 


Remember to draw several pictures to help you understand the situation. 


Quiz Score: 2 out of 2 


A4: Numerical Integration, Estimating Errors (Pre-Class Essentials) 


Due Jan 19 at 11:59pm Points 2 Questions 2 Available until Jan 19 at 11:59pm 
Time Limit None 


Instructions 


We recommend doing these PCEs after having watched the A4 Part 1 lecture. 


Errors — what are they and why do we care? 
Approximating is easy. The tough part is knowing when your approximation is “good.” 
Error = |exact value - approximation| 
This leads to a puzzle: if | tell you that my approximation has error 1076 should you be happy with me or not? It depends. 


e If the thing that I'm trying to approximate has size on the order of 1000, are you happy with an error of 10-6? (Probably!) 
e If the thing that I'm trying to approximate has size on the order of 10710, are you happy with an error of 1076? (Probably not!) 


Because the "goodness" of the approximation can't be determined by the error alone, the relative error is often used: 
Relative error = Error/|exact value| 
(example: "My relative error is 2% and the error tolerance of the project is 4%. This is good, right?") 
But wait! /t seems | need to know the exact value to compute the error. That seems kind of pointless. If | knew the exact value of 
[ ge dz (or whatever), why would | be bothering approximating it and determining some error? 
0 


Good news, everyone! (htt i 
than ...") even without knowing the exact value of the definite integral. 


Who cares about bounds? | want the exact error! 

We need to get over this desire for certainty. The only time you'll ever have the exact error is if you already know the exact answer. 
Problems in calculus are sometimes simple enough that you can compute the exact error, but, in the real world, almost everything can 
only be approximated. 


Okay. So where do these wonderful error bounds come from? 

Sometimes you can find them without really using Calculus (see below). Other times you need to use various Calculus arguments. But 
there's no way of finding the bounds without using mathematics. In class, we will explain where some of the error bounds are coming from. 
Others you can find in more advanced books. 


In the end, what we are looking for is a rule like this: "If | approximate the integral ... with the ...-rule and ... intervals, the error | 
am making isn't more than ..." 


An example: Left-endpoint rule for a decreasing function 


Let's consider the integral of a decreasing function. If we approximate it with left-endpoint approximation, we call the result [/,,. The error 
then is 


Error = Ln — K f(z) da| 


For a decreasing function, the left-endpoint rule always overestimates, so we can drop the absolute values (since the difference is 
positive) and get 


Error = Ly — f” f(x) dx 


Below, in the figure on the left, you see a collection of orange regions. These represent the error L, — f? f(x) dz. 


In the figure on the right, you see blue regions. These represent the error for the right-endpoint approximation: f f(x) dx — Rp- 
The orange regions and blue regions together equal 


(orange area) + (blue area) =f f(x) dx + I f(x) dx — Rn = Ln — Rn 


The error is represented by the orange regions, so we can write: 


Error for left-endpoint approximation = (orange area) < (orange area) + (blue area) = Ln — Rn 


We have an error bound! We know that the error is bounded by L, — Rp! Why should we be happy? Because we found a bound for the 
error that we can compute without knowing the exact value: 


e We can compute L, without knowing the integral. 
e Ee can compute R. without knowina the intearal. 


- = ~u = 


e Therefore, we can compute L, — Rp without knowing the integral 


We found our first rule: "For a decreasing function, if | approximate the integral jf f(z) dz with the left-endpoint-rule and n 


intervals, the error | am making isn't more than L, — R,," 


Optional questions for the curious 


Actually, we can compute that L, — R (f(a) = f(b)) 2 Can you see in the picture why that is 


the case? 


How do things work out if you're trying to understand the error for the integral of a decreasing function using the right-endpoint 
approximation? 


How do things work out if you're trying to understand the error for the integral of an increasing function using the right-endpoint 
approximation? the left-endpoint approximation? 


Different methods give different errors 


Depending on the situation, some methods give smaller errors than others. Between Lp, Rn, Mn and Th, there isn't any single method 
that is always the best. It depends on the circumstances which method gives the smallest error. 


In the figure on the left below, the blue curve is the graph of a concave down function. The red line is the tangent line to the graph at the 
midpoint (m, f(m )). In grey you see the rectangle of height f(m). The midpoint rule uses the area of that grey rectangle. 


A A 


xi x_{i-1} a 


x_{i-1} 


Now look at the right figure. Note that the grey area in both figures, left and right, is the same. (Think this through! Why is that the case?) 
The graph of f (x) is inside the grey region on the right and so we've discovered that the midpoint rule is an overestimate of the integral 


for concave down functions. 
From the previous pre-class essentials we know the trapezoidal rule is an underestimate of the integral for concave down functions. 
So for concave down functions, the midpoint rule is an overestimate and the trapezoidal rule is an underestimate. 


But can we say that one approximation is better than the other? 


In fact, the Midpoint Rule is more accurate than the Trapezoidal Rule for concave down functions. This can be seen in the last 
figure: The red region (midpoint rule error) is smaller than the blue region (trapezoid rule error). 


Cc 


x_{i-1} xi 


Optional comment for the curious 


To make the above rigorous one needs only two things.First, that if the function is concave down then its graph will always be in the 
triangles ABF and BCD.Second, the area of the triangles ABF+BCD equals the area of the triangles BEF+BDE.(This isn’t obvious from 
the figure; it’s a (slightly tedious) computation of four integrals.) 


This quiz was locked Jan 19 at 11:59pm. 


Attempt History 


Attempt Time 


Score 
LATEST Attempt 1 19 minutes 2 out of 2 
Score for this quiz: 2 out of 2 
Submitted Jan 17 at 7:07pm 
This attempt took 19 minutes. 
Question 1 1/1 pts 


Consider the integral L f(z) dz 


Select all the functions below that give error 0 when using the Trapezoid Method Tyo99 . 


A picture will help you a lot. 


Good job! 


O 
2) 


D 
9 


Question 2 1/1 pts 


The table that follows shows the speed in meters per second of a parachutist at various times. 


po | os 1 
Velocity 
reef e Lo fo [= 


The distance travelled by the parachutist over an interval of time is equal to the area under the 
velocity curve on the same interval. 


The parachutist’s acceleration is decreasing because of air resistance. This means that that the 
velocity curve is increasing and concave down as the data suggests. (Can you see why?) Given 
those facts, which of the following gives the best possible approximation? 


[ Select ] v 


Using the method you just chose, approximate the distance that the parachutist fell from time t = 0 to 
t= 4 seconds. 


[ Select ] v 


Answer 1: 
M_4 


Answer 2: 


66.4 


Good job! 


Quiz Score: 2 out of 2 


A5: Improper Integrals with Infinite Bounds (Pre-Class Essentials) 


Due Jan 21 at 11:59pm Points 2 Questions 2 Available until Jan 21 at 11:59pm 
Time Limit None 


Instructions 


One of the most important themes in Calculus — and we will see it a few more times over the semester — is that we address problems by a 
simple, three-step process: 


1. Approximate the answer. 
2. Find a method to improve the approximation. 
3. Take the limit of that method. 


For example, to find the slope of a tangent line to a graph at x = a we 


1. approximated it with a secant (a line that meets the function twice — at our point a and a second point, a + h) 
2. improved our approximation by taking a secant that cuts through the function sooner (i.e., used a smaller value for þh) 
3. found the tangent line by taking the limit of the secants as the gap between the points where they met the function went to zero. 


We can use the same process to try to deal with certain problems in integration. This module will be covered in two lectures: 


1. For the first lectures (and for these pre-class essentials), we will examine what happens as we try to examine an area that extends 
infinitely on one side. 

2. For the second lectures (and for the next pre-class essentials), we will see what happens to the area of a function with a vertical 
asymptote. 


Both of these kinds of problems are called improper integrals. 


If an area goes on forever, isn’t it automatically infinite? 


This would be our instinct, but mostly because we automatically think about an infinitely long rectangle (whatever that might mean), whose 
area is length times height. That object would definitely have an infinite area. 


But what if the our shape gets more and more narrow as we move further away? In other words, what if the height gets smaller very fast? 


Then we just might end up with something whose total area is actually finite. 


An example would be nice 


Let’s look at the function y= e. 


We will try to see what happens if we examine the total area under this function for all œ > Q, i.e. there is no right end to the area. There 
is definitely no problem on the left-hand side of the area, but there is no upper bound for the integral — the region goes on forever. We can 
try to deal with this using an approximation: 


1 
f e "dr 
0 


This may not be a good approximation (as a matter of fact, it’s rather terrible), but it is a beginning. It is an integral that we can solve (the 
answer is 1 — 1/e, which you should show on your own). We can then improve the approximation by inching (our coordinator will insist 
on two-and-a-half-centimetring) closer to the problem: 


2 
I e "dr 
0 


This gives us a better approximation (figure out the area for this one, please). 


It would be better still if we made the upper bound 3, then 4, then 5... So, let us take the limit of the integral as the upper bound continues 
to grow: 


t 


lim e "dz = lim —e 


x j 
t— o0 0 t—0o 


lim —-e* +1 = 1 


0 ae 


N 


That is, the area under the entire graph is equal to 1. The notation we use is: 


f e "dx= 1 
0 


For some functions (try f(x) = 1/a on [1, o0)), we will find that the improper integral does not stop (doesn't give a number), but goes 
to infinity. 


Definition: Let f(z) be a function that is continuous on la, o0) for some real number a. 


oo t 
Then, we can define the following improper integral f f(x) dz = lim f f(x) dz 
t— oo 
a a 


If this limit exists, we say that the improper integral converges. If this limit does not exist, we say it diverges. 


Please note that "the improper integral diverges" does not necessarily mean that it "blows up" to (plus or minus) infinity. For example, you 


CO 
can check that J sin(x) dx diverges, but doesn't go to infinity. It just "oscillates" (goes up and down) forever. 
0 


Why are we using limits? Can't we say: 


| edr = -e| =e” —(—1)=0+1=1? 
0 


Definitely, definitely, definitely not. The problem is that infinity is not a number (in the context of this subject). When it is used like one, 
it works pretty often, but far from always. There have been at least two major moments in mathematics where the uses of infinity as a 
number made us think that the whole field may break down — one of those came because of the paradoxes created by using infinity in 
calculus. It begins with “cancelling infinities” when a limit asks us to subtract them or divide them and ends up with a lot of very bad 
mathematics and plenty of results that do not make any sense. 


In calculus, we always use infinity as a short form — it is there to indicate that a quantity (the variable, the answer, ...) grows without 
bound. Whenever you see it, you should be aware that there are limits involved. And you should always write lim at least once when 
dealing with such situations. Solving an improper integral without using lim notation is wrong. 


Are we really going to work on anything that requires region with no end? 


While there are very few of you who will get to work on an actual, infinitely-long bridge (we hear the Bifrost needs some repair), there are a 
lot of applications of this concept to common problems. 


The Essentials for module A4 mentioned the function ene’ . This function is the basis of all normal distribution curves (including 
everybody’s favourite, the bell curve); whenever we are looking at the probability of events that fall under this very common category, we 
need to integrate ae usually from —oo to some finite value. This leads to an interesting question: how do we deal with an area that 
requires (a) improper integrals and (b) numerical integration? 


An application: Car warranties 


Often, we use improper integrals because finding a perfect upper bound takes too much work. This is often seen in finding the 
likelihood of certain events. Imagine a company that makes (non-vital) car parts. They know that the cost of warranties, recalls, etc. 
for failure of their parts is given by some continuous rate, f (t), so the total cost of replacements from time t = q to time t — bis 


f? f(t) dt 


This amount is used to analyze pricing, warranties, and so on, in order to maximize profits. In reality, we can find a proper upper 
bound for this integral: not too many cars last more than 20 years, so we can take b = 20; the accountant figures that they will be ata 
new job within a decade, so why not go with b — 10 and let someone else worry about the rest?, etc. However, rather than worrying 
about what might be a perfect upper bound, most calculations will just let the domain be unbounded. This rarely adds much (we saw 
in the example above how quickly we approached the total area) and avoids the problems that would come up with getting the upper 
bound wrong. 


An application: Likelihood of failing toys 


This is another example of how integrals can be used to to measures the likelihood of certain kinds of events. 


A company manufactures a particular action toy. The company’s research team has determined that the fraction of toys that fail 
between times t=a and t=b of use (t is in years) is given by 


b 
J 0.2e2” dt. 


So if we want to know the fraction of toys that fail during their second year of use, we just need to evaluate the integral 


2 
/ 0.2e7” dt = 0.148... 
1 


That is, about 14.8% of all toys will fail between t=1 and t=2 (years). 


Of course, we can change the limits of integration to know the fraction of toys that fail during any time period. For guarantee purposes, 
the company wants to know the fraction of toys that will fail in the first 2 years, 3 years,... which will be given by 


2 3 
f 0.2e0 * dt, f 0.260 dt... 
0 0 


As you can see, we can continue to take larger and larger upper limits of integration. So it makes sense to consider 


b oo 
lim 0.2e7? dt = f 0.2e °°: dt 
0 


b— 00 0 


This gives us the fraction of toys that will fail eventually. 


Optional Questions for the Curious 


e The next class will deal with integrals of unbounded functions (like 1/a at x = 0). Can you use the process we described here to 


predict how we will handle vertical asymptotes? 


e Can you come up with some necessary and sufficient conditions of convergent integrals? (A necessary condition would be a 
property that all convergent integrals would have, but that does not guarantee that the integral converges. A sufficient condition is 
a property that does guarantee the integral will converge, but some integrals could converge even if they don’t have it.) 


This quiz was locked Jan 21 at 11:59pm. 


Attempt History 


Attempt Time 


LATEST Attempt 1 4 minutes 


Score for this quiz: 2 out of 2 
Submitted Jan 17 at 7:03pm 
This attempt took 4 minutes. 


Question 1 


Score 


2 out of 2 


1/1 pts 


Does this integral converge? 
If yes, write the value in the field. 


If it doesn't converge, enter "diverges" for your answer. 
co 1 

f — dg = diverges 
1 Jz 


Remember to enter the answers exactly as prompted. If you think the integral converges, 
write the number in its simplest form. If you think it diverges, write exactly that word, not with 
a period afterwards etc. 


Answer 1: 
Correct! diverges 
Correct Answer "diverges" 
Correct Answer Diverges 
Correct Answer "Diverges" 
Good job! 


Question 2 1/1 pts 


Using the definition of an improper integral (computing the limit), make a choice: 


The area below is finite . 


Answer 1: 


Correct! finite 


Good job! 


As an additional exercise, find for which values of p, the following integral is convergent. 


i F dx 


Quiz Score: 2 out of 2 


A5: Improper Integrals with Unbounded Integrands (Pre-Class 
Essentials) 


Due Jan 24 at 11:59pm Points 2 Questions 2 Available until Jan 24 at 11:59pm 
Time Limit None 


Instructions 


In the previous lecture, we considered improper integrals representing areas whose /ength is unbounded (e.g. they "go on forever to the 
right"), but whose height is getting smaller and smaller. This sometimes (not always!) resulted in a finite area. 


We are now turning the picture on its head. We consider areas with inifinite height (e.g. they "go on forever at the top") but smaller and 
smaller length. Such a behaviour can be observed around poles of functions, i.e. when the function we integrate is unbounded around that 
pole. 

1 


Consider the function f (x) = E 


1 
We want to find the area that is bounded by g = 0, x = 1, y = O and the graph of the function f (x) = J To find that area, we 
ti 
would like to write f — dz. 
0 fx 


We have to watch out, however, since the function is not defined at 7 = Q, so we can't just take the integral the regular way. Instead, we 
need to consider the situation by letting the lower bound of our integral get closer and closer to zero: 


The area in the last picture can be computed as follows: 


1 
1 . 1 . 
lim — der = lim 2,/z|_ = lim (2 — 2a) = 2 
a>0t Ja ya a—0t . a—0t 
Notice that we are taking the limit as @ approaches zero from the right — we need to avoid the pole in our integral, so we couldn't use a 
bound that is below zero. 


Definition: Let f(a) be a function that is continuous on (a, b] but with an infinite discontinuity at 2 = a for some real numbers a 
and b. 


b b 
Then, we can define the following improper integral f f(x)dx = lim f(x) dx 
a toat t 


If this limit exists, we say that the improper integral converges. If this limit does not exist, we say it diverges. 


A common error: But we can still use symmetry, right? 


1 
For sramote: | da = (ln |z|); =m1—m1=0 
It certainly is tempting, isn’t it? Unfortunately, this is a very bad idea. When we look at the area from z = —1 to 7 = 1, the area on 

(0, 1] is infinite (and positive), while the area on |—1, 0) is also infinite (but negative). They are definitely symmetric and it would be 
great to say that they cancel out, but in the essentials for the last class, we discussed how bad an idea it is to use infinity as a number. 
You cannot "cancel infinities”. 


This integral does in fact diverge. 


The appropriate way to deal with "several infinities" is: For every problem with the area (unbounded above, below, to the right, or to the 
left), take a separate limit. 


If you prefer it in haiku form: 
For every problem 
you have with integration, 


take a new limit. 


(00) 


1 
For example, let's consider / —, dx 


eee 
This integral has 


1. an unbounded domain as Z goes toward —oo, then 

2. a vertical asymptote as £% approaches 0 from the left, then 

3. the same vertical asymptote, seen from the other side as we cross the z —axis, and 
4. an unbounded domain as æ increases toward +00. 


To divide up the integral, we choose points to allow us to break it to pieces (instead of -1 and 1, we could have split the pieces at other 
numbers, say -3 and 5): 


ae | ae aii Er S 
— dr / Sao + | < dn + | de + | — dr 
I: r? Zœ T? _1 2? 0 z? 1 z? 
-1 b 1 d 


. : : 1 ' 
= lim —dz-+ lim —dz-+ lim —dz-+ lim — dr 
a>—o Ja 2? b30- J1 2? co0t Je r2 d>œ J, z? 


| 


Now, two of these pieces diverge (which ones?). That is all we need to say that the whole integral diverges. The others can't "save" the 
integral. You can't cancel infinities. 


Questions for the curious 


e Can you show that it really does not matter at what specific number we divide up an improper integral like in the last example? 


e Can you come up with a function f(x) that has a pole at zero, but where the area under its graph on (0, oo) converges? Note 
that this question involves two improper integrals at the same time. 


This quiz was locked Jan 24 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 5,384 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Jan 24 at 1:54pm 
This attempt took 5,384 minutes. 


Question 1 1/1 pts 


True or False: 


1 1 —— 1 


Carraetl 


True 


False 


Good job! 


Question 2 1/1 pts 


Consider the integral below. 


If it converges, state its value. If it doesn't converge, enter "diverges". 


2 1 
——— dz = 
Ji (x—1)?/3 
Remember to enter the answers exactly as prompted. If you think the integral converges, 
write the number in its simplest form. If you think it diverges, write exactly that word, not with 
a period afterwards etc. 


© 

2) 

D 
) 


Correct Answers 3 


Good job! 


Quiz Score: 2 out of 2 


B1: Sigma Notation (Pre-Class Essentials) 


Due Jan 26 at 11:59pm Points 2 Questions 2 Available until Jan 26 at 11:59pm 
Time Limit None 


Instructions 


The two PCEs for module B1 are a bit "uneven". We expect the first PCE (this one) to be shorter than usual and the second PCE (the 


next one) to be longer than usual. 


Looking back at how we defined integrals using Riemann Sums in MAT186 and also at how we approximated them in module A4 
(numerical integration), you might have noticed that we often have to sum up not just one or two things, but ten, fifty or hundreds of terms. 
That's why we want to talk again about notation for sums. 


Sum brief vocabulary 


Before we get into any details, one quick refresher regarding vocabulary: When we sum up several elements, each of them is called a 
summand. For example, when we write 73 + 2 + (—19), each of the three numbers is called a summand. 


The "dot-dot-dot" notation and its traps 


Writing out such large sums, summand by summand, is cumbersome. Have a look at this: 


14+24+34+4+5+64+74+8+9+410+11+12+13+14+15+164+17+4 18+ 19+ 20+ 21 
+ 22 + 23 


Phew, that was a lot of work, even when typing on a keyboard! What we are looking for is a notation that is more efficient and - as we will 
later see - also better to understand once you are used to it. 


One option is what is often informally called the "dot-dot-dot" notation. For example, the sum above could have been written as: 


1+2+4+3+...+22+4 23 
Looking at this, it is safe to say that most people would understand what you mean. 
Sometimes, this notation works to write out large sums. But this only works if the "rule" behind the sum is rather simple: 


e You would probably have a good guess what the missing terms of this sum are: 2 + 4+ 6+...+42 + 44 
e And most likely you would also be able to work out this one: 7 + 5 + 3+. . . + (—13) + (—15) 
e But what about the following sum? (—1) + (—3) + (—3) + (—1) + 3 + 9+. . . +237 + 269 


This last example highlights why "dot-dot-dot" notation — while being easy to write — is often anything but clear. 


This issue is in fact exploited frequently by sharepics in social media. Possibly you have seen a sharepic like this before: 


And then you have random strangers who have never met before going crazy in the comments that they are certain that they know the 
right answer. Obviously the point is that the prompt is ambiguous and there is no right answer, but the fact that there is no right answer 
has so far rarely stopped people from arguing on the internet _(https://xkcd.com/386/) . 


When you use "dot-dot-dot" notation you should apply the following standard: If you posted that "dot-dot-dot" sum on social 
media, trying to trigger an argument, no one would argue because there is only one answer. Only if there is no such argument, 
then you can use "dot-dot-dot" notation. 


That leaves the question: Okay but what do we do when "dot-dot-dot" notation is in fact ambiguous but we still need to write a large sum? 


Sigma notation 


That's where sigma notation comes in. Sigma notation is never ambiguous which might be one of the reasons why you never see 
sigma notation in a sharepic on social media. In case you need a refresher on Sigma notation you can watch the following short video 
explaining it (and starting with a math joke that you can only find hilarious or cringey, there is not much middle ground here). 


Using the summation symbol (https://www.youtube.com/watch?v=KbvD6FIIJGU) 


> 


Quick check: Remember the following sum from above?(—1) + (—3) + (—3) + (—1) + 3 + 9+. . . +237 + 269. In "dot- 
dot-dot" notation, this sum is ambiguous. But now that you can handle sigma notation, we can tell you that what we showed you up 
there is: 


19 


N (K? — 5k + 3) 


k=1 


You can now find the omitted summands. Hints: The first omitted summand is 17. And one of the omitted summands is 153. 


You should now be ready to answer the two questions below. If you would like to read more on sigma notation, have a look at the 
beginning of chapter 1.1 in our textbook, Calculus Volume 2: https://openstax.org/books/calculus-volume-2/pages/1-1-approximating- 


areas (https://openstax.org/books/calculus-volume-2/pages/1-1-approximating-areas) . 


Optional Video 


In this video, you are given two "brain teaser" exercises on how to work with sigma notation. If you are already used to sigma notation, 
you can try out this video right away. If you are just about to get into the groove of it, maybe come back a bit later and try it then. 


The whole point of this video is to pause at 1:30 and then to try solving the questions yourself. Don't spoil the answer. If you 
don't know how to solve those questions yet, we suggest to NOT continue watching beyond 1:30, but instead to come back 


to it later. 


Summation Notation Practice | MIT 18.01SC Single Variable Calculus, Fall 2010 _(https://youtu.be/iHErQuZ8M-l) 


> 


(https://youtu.be/iHErQuZ8M-l) 


This quiz was locked Jan 26 at 11:59pm. 


Attempt History 
Attempt Time Score 


LATEST Attempt 1 8,849 minutes 1 out of 2 


Score for this quiz: 1 out of 2 


Submitted Jan 26 at 11:47pm 
This attempt took 8,849 minutes. 


Question 1 1/1 pts 


Evaluate this expression: 


5 0 
Sa- 2 
k=3 i=-2 
Correc 10 
Correct Answers 10 (with margin: 0) 
Question 2 ae 
Part 1 


Consider the following equality 


n n 
C n 
25 (k- =) = Sar} +" 
i 4 2 
=1 k=1 
Which value of c makes this equality true? 


Part 2 


Is the following expression positive or negative? Assume that n > 6. 


y (sin? (k) +n) 
k=—6 


Pick the option that contains the right answer for both parts. 


Correct Answer Part 1: c=-1, Part 2: positive 


Part 1: c=-2, Part 2: positive 


Part 1: c=-2, Part 2: negative 


Part 1: c=2, Part 2: positive 


You Answered igs 
ii MERAT Part 1: c=1, Part 2: positive 


Part 1: c=1, Part 2: negative 


Part 1: c=-1, Part 2: negative 


Part 1: c=2, Part 2: negative 


Quiz Score: 1 out of 2 


B1: Using Riemann Sums (Pre-Class Essentials) 


Due Jan 28 at 11:59pm Points 2 Questions 1 Available until Jan 28 at 11:59pm 
Time Limit None 


Instructions 


The two PCEs for module B1 are a bit "uneven". We expect the first PCE (the last one) to be shorter than usual and the second PCE 


(this one) to be longer than usual. 


Now that we have talked about Sigma-notation for sums, it is time to talk about how to use them in Calculus. 


This brings us back to Riemann Sums. Riemann Sums are not some technicality, but in fact they are at the core of connecting methods of 
integration to an applied context. Many engineering problems start with an approximation of a model that involves Riemann Sums. 
Afterwards, we can then translate those sums into an integral. 


Setup of the example 


Assume for a moment that a TTC (Toronto Transit Commission) subway train is derailed somewhere along the Bloor-Danforth line and a 
lot of people spill out on the streets, trying to catch a bus to downtown. This is an aerial view of Jane and Bloor on Wednesday, January 
24, 2020 (courtesy of CP24): 


z p A <i is 


You work for the TTC. The upcoming TTC board meeting needs a report. One slide should include the following information: 


How many people were waiting for a replacement bus at Jane and Bloor, on average, between the hours of 7 am and 11 am? 


Assume that for some reason you actually have a function describing the number of people present at any given time between 7 and 
11am. This function is described by f(t) = —50t? + 900¢ — 3500. 


500 


The model only works for the timespan between t=7 and t=11. 


Let's see if we can find a formula for the average number of people waiting for a bus during this timespan. You might know/remember 
some integral formula to find that average, but the whole point is that we understand how that average formula comes from a Riemann 
Sum. 


Important initial observation: If the number of people is constant over any given time, the average number of people is just equal to 


that number. Please read and reread this sentence until it makes sense to you. It describes something trivial, but in a kind of 
convoluted way. 


Step 1: Slice it into tiny pieces. 


We have an interval of 11 — 7 = 4 hours to consider. Let's slice that timespan into n short timespans. The idea is that n is very large. 
11-7 


Each timespan is At = = 


— 4 hours long. 
n 


Some sanity checks to understand notation. 
After slicing the timespan, we now have n slices, one each for į = 1,2,..., 7. 
The question is: 


e What is the time at the beginning of the i-th timeslice? Answer: 7 + (i — 1) - At 
Quick checks: Make sure that the first time is 7. Why is the last time not equal to 11? (There is a good reason for that.) 
e What is the time at the end of the i-th timeslice? Answer: 7 + 7- At 
Quick checks: Make sure that the last time is 11. Why is the first time not equal to 7? (There is a good reason for that.) 
e What is the time at the middle of the i-th timeslice? Answer: 7 + (i — 1/2) - At 
Quick checks: The first time is (At) /2larger than 7 and the last time is (At) /2smaller than 11 --- no matter which 2 = 1,2,...,7 you 
plug in, you never get 7 or 11, why? (There is a good reason for that.) 


Step 2: Look at one tiny slice and assume everything is constant. 


What is the average number of people we observe during the i-th timeslice? Remember that we have a lot of slices (n is large), so a single 
timeslice is just minutes, or even just seconds long. So we can assume that during a single timeslice, the number of people waiting 
for a bus is constant. 


Analogy: CP24 takes an aerial photo at 9:23 am. If you see 500 people on that photo and someone asked you "on average, how many 
people were at the bus stop between 9:23 am and 9:24 am", it's a good guess to say "on average, there were 500 people" since, | mean, 
how much could have happened within that 1 minute?! 


The number of people during the i-th timeslice can be written as f(t). 
Waaaaait a minute. What's that star/asterisk doing there? Well, the question is: 


Do we take the number of people at the beginning of the timeslice (so the formula for tris the first expression given above), at the end of 
the timeslice (so the formula for ty is the second expression above), or in the middle of the timeslice (so the formula for ts is the third 
expression above), or ....? 


The answer is: The timeslice is so short, it doesn't really matter (do you care if the CP24 photo was taken at the beginning of the timeslice 
at 9:23:00 or at the middle of the timeslice at 9:23:30 or at the end of the timeslice at 9:24:00? Probably not). So, Ft) means "the 
number of people at some time in the timeslice, doesn't really matter when exactly". 


Step 3: Combine the slices 
We now have several samples of the number of people present, one for each timeslice: f(t7), f(t), f(t3),---> f(t). 


The average number of people over the whole four hours can therefore be approximated by adding up the people-counts over the n 
intervals and then dividing by n: 


TUIO Ee) Dh eae 


avg x S = i  — 


n AIAG 4 


Note that at the second equal sign we used At = í 


We now have an approximation of the average number of people seen at Jane and Bloor between 7 and 11 am. 


Xi- F (tf) At - 
a ae To find the average number of people at Jane and Bloor between 7 and 11 am, divide 


An applied analogy for avg = 


that timespan into n small timespans. Now, every minute, let CP24 take an aerial view picture. Tell them it doesn't matter at what exact 
second they take the picture. Count the number of people that you see on each picture. f(t) is this number of people i.e. the 
people present at one moment during that one minute, but we don't know which moment exactly. Thats why there is a 
star/asterisk. 


As given by the formula, multiply each observed number of people by At = = . Sum them all up. Finally, divide by 4 (the total 


timespan). The result is an estimate for the average number of people waiting for a bus at Jane and Bloor between 7 and 11 am. 


From Riemann Sums to integrals 


In class, we will talk about how to go from Riemann Sums to integrals. In one sentence the idea is: If we make the time-slices smaller and 
smaller, the approximation gets better and better and eventually we arrive at an integral which is a "perfect approximation". 


Finally, a remark: Being able to build Riemann Sums is a core competence of Calculus, of this course and of being an engineer in 
general. This is because computers can solve (many) integrals, but computers can NOT come up with Riemann sums. Being able 
to translate a model into a formula is really where human ingenuity comes in. That's why it's so important to learn it. 


This quiz was locked Jan 28 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 6,794 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Jan 28 at 1:21pm 
This attempt took 6,794 minutes. 


Question 1 2/2 pts 


As mentioned above, Ft) refers to "taking the number of people at some time within a single time 


slice". 


We talked about several options for picking a specific time (time at beginning of timeslice, time at end 
of timeslice, time in the middle of the timeslice), see above. We will now pick one of them. 


Recall that f(t) — —50t? + 900t — 3500. We divided the timespan from 7 to 11 am into 
n = 10slices of length At. 


Which of the following is the formula for the number of people at Jane and Bloor in the middle of 
the i-th timeslice? 


—8i? + 80i + 350 


8i? + 96i + 262 


shia —8i? + 88i + 308 


—8i? + 72i + 388 


Quiz Score: 2 out of 2 


C1: Introduction to Ordinary Differential Equations (Pre-Class 
Essentials) 


Due Jan 31 at 11:59pm Points 2 Questions 2 Available until Jan 31 at 11:59pm 
Time Limit None 


Instructions 


“Science is a Differential Equation. Religion is a Boundary Condition” - Alan Turing 


In the next segment of the course we are going to study one of the most important topics in engineering — Differential Equations. They 
are used to solve problems in essentially all areas of engineering. 


Terminology 


First let’s recall some terminology, so that we're all speaking the same language. You should be familiar with some of these terms from 
MAT186 


What do we mean by Differential Equation (or a DE)? 


Simply put, the term refers to any equation that relates a function, say y = f (t), to one or more of the derivatives of that function. For 
example, the following is a DE involving first, second and third derivatives. The following three are the same DE, just using different 
notation: 

dy dy 


d . 
e — 3t +2 — 3y = sint 


ty” — 3ty" + ty’ — 3y = sint 
t? F" (t) — 3tf" (t) + tf' (t) — 3f(t) = sint 


Note that we have used the independent variable ¢ here, rather than 2, in recognition of the fact that a very large number of 


engineering problems relate to how physical systems vary with respect to time. But of course the same mathematical concepts apply 
when we use x, or any other independent variable. 


What do we mean by Ordinary? 


If the equations above are examples of Differential Equations, then what does the adjective Ordinary refer to? The distinction here 
depends on whether our DEs deal with derivatives of: 


e only one independent variable, in which case we are dealing with Ordinary DEs (or ODEs). For example: 


dy dy _ 
FEI + 10> + 9y = cosa 


e two or more independent variables, in which case we are dealing with Partial DEs (PDEs). For example: oe a= ay +u = e” 


In this course we will deal with only ODEs. Prepare yourselves to encounter PDEs in later courses, however! 


An Example 

We are already familiar with some DEs and their applications. For example, recall that if a(t) is the acceleration of a car driving in a 
2 

straight line, we have a = a = oe where v is velocity and s is distance travelled. 


2 
Now if we know that a(t) = ?? + 1, we can rewrite this as a DE: as — t? + 1, which we already know how to solve. 
dt 


This is an example of a very simple differential equation, since the function s(t) only appears once in the equation. 


Categorizing Differential Equations 


The Order of an ODE 


This is an example of a first-order ODE: o = —cos(t) + eo(t—5) 


2 
This is an example of a second-order ODE: = + 102 + 9y = cos x 
dz T 


You should be able to deduce that the order of a DE is defined by the highest order of any of the derivatives that appear in the 
equation. 


Linear ODEs 


Formally, a linear ODE is one for which y and its derivatives are multiplied only by terms that can involve ¢ , but are not otherwise 
modified (squaring, applying the cosine, multiplying together, ...) 


e this ODE is linear. y' + 2y — 303 y" = /t—2 (because y is not squared or anything. Note that it's not relevant if the 
independent variable t is manipulated in a nonlinear way) 

e this ODE is not linear: (y)? se 2y' +2 = 0 (because y' is squared) 

e this ODE is not linear: sin(y) = y’ +1 (because the sine is applied to Y) 


Linear ODEs are particularly well-behaved and particularly nice to solve. We will get to that in module C3. 


Solving an ODE 


A solution to an ODE is a function, or a set of functions, that satisfies the ODE. 


Let's explore what this means by checking whether a "candidate function" (a potential solution to the ODE) is or is not a solution. We need 
to substitute for y and if the equation remains true, we say that that function has satisfied the ODE. 


For example, consider the differential equation: y” + 4y = 0. If we substitute y(t) = sin(2t) into the equation, we see that: 
y" + 4y = —4sin(2t) + 4sin(2t) = 0, and thus that this function is a solution to the ODE. 


This of course leaves the question: Sure, we can check if a function is a solution, but how do we find candidate functions in the first 
place? That is, how do we find solutions to an ODE? This is exactly what modules C2 and C3 are about. 


We can already solve some special kinds of ODEs 


This is a recap from MAT186. 


Finally, let's see whether we might perhaps already be able to solve at least some kinds of ODEs. In particular, let's look at this equation: 


dy _ 5(t—5) 
= = —cos(t) +e 


Since the left-hand side is a derivative with respect to ¢ and the right-hand side is also a function of only ¢, it stands to reason that we 
should be able integrate both sides of the equation with respect to t. That is: 


d 1 
i (2) dt = / (- cost + e505 ) dt => y(t) + Cı = -sint + ore + C2 
So we can write a solution as: y(t) = — sin t + er + C (where C = Cy — Ci). 


We did it!! ... Or did we? In other words, are we able to find a value for y given any value of t? In fact: No. Unless we know what C is, 
we're stuck. We will talk about this issue in class. 


The above example is a very simple/special kind of ODE. The ODEs that appear "in real life" (including engineering applications) usually 
involve the function on both sides. Consider for example the ODE 


y(i) =t (ul)? 


Simple integration doesn't work here anymore. We will consider in modules C2 and C3 if and how we can solve ODEs like this. 


Interpreting ODEs without solving them 


We will learn techniques to solve ODEs, but an important skill for engineers is to understand the behaviour of a model without needing to 
solve the ODE. 


Consider this example: The population P of rabbits on an island is modeled by the ODE P’ — 7P. Let's consider two questions that can 
be answered without solving the ODE: 


e If we start with no rabbits, will the number of rabbits increase? The answer is no. Of course this is common sense, but from a 
math perspective consider this: If there are no rabbits, that means that P — (0. And based on the ODE, that also means that P’ = Q. 
So the number of rabbits doesn't change at all. There'll never be any rabbits. 


What?! 
No Rabbits?! 


e If we have one rabbit, will the number of rabbits increase? The answer is yes, mathematically speaking. From a purely 
mathematical point of view, looking at the ODE P — 1 means that P’ — 7. This shows how mathematical models might produce 
issues, they aren't always realistic. If you are wondering why it's unrealistic that a population of one rabbit produces new rabbits, talk to 
your friends :-) 


e Can the number of rabbits ever decrease? Let's have a look. This would mean P’ < (0. Looking at the ODE, this is only possible if 
P < 0. So the number of rabbits can only decrease if we have a negative number of rabbits. Hopefully we agree that this is 
unrealistic. So the number of rabbits will never decrease. 


We will get to actually solving ODEs soon, but always keep in mind: First check if you can answer a question without solving the 
ODE. Only if you can't, try to solve it. 


This quiz was locked Jan 31 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 7,704 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Jan 30 at 10:08pm 
This attempt took 7,704 minutes. 


Question 1 1/1 pts 


Consider the differential equation 


dy _ 


Which of the following functions is/which of the following functions are a solution of this differential 
equation? 


Select ALL that apply. 
y(t) =t+2 
y(t) =t+1 


y(t) =t+1+ 5e 


y(t) = 1+ 5e 


Question 2 1/1 pts 


Suppose two students, Alice and Bob, are memorizing a list of items according to the rate of change 
equation 


dL 
& — 0.5(1 — L), 


where L the fraction of the list that has been memorized at any time ¢ (i.e. L=0 means the person 
has nothing memorized and L=1 means the person memorized everything). This model is based on 
the assumption that the rate of learning is proportional to the amount left to learn. 


At time ¢ = Q, Alice knows one-third of the list and Bob knows none of the list. Which student is 
learning at the more rapid rate at this very moment (at ¢ = 0)? You can think of it like this: Who will 
learn more in the next second, Alice or Bob? 


O 
2) 


O 
2) 


D 
9 


D 
9 


Bob 


According to the rate of change equation above, will Bob, who starts out knowing none of the list, 


ever catch up to Alice, who starts already knowing one-third of the list? 


No, Bob will not catch up to Alice. 


Answer 1: 


Bob 


Answer 2: 


No, Bob will not catch up to Alice. 


Quiz Score: 2 out of 2 


C2: Separable ODEs (Pre-Class Essentials) 


Due Feb 2 at 11:59pm Points 2 Questions 2 Available until Feb 2 at 11:59pm 
Time Limit None 


Instructions 


Understanding ODEs is like classifying animals... 
... you first need to make sure you know what kind of animal you are dealing with. Based on that you can answer questions like: 


e Is there a solution? 

e How many solutions are there? 

e Does a solution exist for all time? 

e And, of course, how do | find a solution if it exists? 

e What's the meaning of life? (that last one goes beyond core course material) 


The first kind of animal... 


... that we are studying is given by separable ODEs. They are called separable, because we can separate the variables. Let's have a look 
at what that means: 


Saye ; : . MY : ioe : dy ar 
Definition: A differential equation 7; = f(t, y) is called separable if it can be written as a= g(t)h(y)- In other words, it is 


separable if the function f(t, y) can be written as the product of two functions: 
- one that depends only on t 
- another one that depends only on Y 


An example and a non-example 


To understand a definition, it often helps to come up with two things: 


e An example that fulfills the definition. For the above definition, a = yt + yt? is an example, because we can rewrite it as 
dy 2 ee " ' " ' 
z= y(t +t ). This is a product of "y-stuff" and "t-stuff". 


e A non-example that does not fulfill the definition. For the above definition, = =yt+t is such a non-example, because no matter 


how hard you try, you can't write it as a product of "y-stuff" and "t-stuff". It doesn't matter that we can separate it as a sum; we must be 
able to separate it as a product. 


An application that involves a separable ODE 


We all know that if an object is hotter than its surroundings, its temperate decreases with time. That's why our coffee always ends up 
getting cold. 


Let's say our favourite coffee shop, "Third Cup", has a constant room temperature of 20 ° C. Our barista serves us a freshly brewed cup of 
coffee, which has a temperature of 95 ° C, and tells us that according to Newton's Law of Cooling the rate of change of the temperature 
of our coffee is negatively proportional to the difference between its temperature and the temperature of the surroundings. 


To help us know how much time we have before our coffee is too cold, she gives us an IVP (Initial Value Problem) that describes the 
temperature of our coffee y(t), where ¢ is measured in minutes: 


dy _ 
% — —0.02(y — 20), (0) = 95 


Have a look at this equation and think about why this equation actually matches Newton's Law of Cooling as written in bold above. 


We want to know how the temperature of our coffee behaves over time. All we need to do now is solve the equation. 


Solving a separable ODE 


First, notice that this is a separable equation, with oe = —0.02(y — 20) = g(t)h(y), where g(t) = —0.02 and h(y) = (y — 20) 


. (The "t-stuff" doesn't even depend on f here, but that's okay). 


To solve this equation, your first instinct might be to integrate both sides with respect to t: 


dy 
—dt = | —0.02(y — 20)dt 
i; 7 f (y ) 


The problem is that y appears also on the right-hand side under the integral, but we don't know what Y is. In fact the whole point is to 
find y! So we cannot evaluate the integral on the right-hand side. 


Here is a clever trick: we will rearrange the equation before we try to integrate 


d 


d 1 Y 
= = —0.02(y — 20) = g(t)h(y) can be rearranged to Gana = —0.02 


Note that we divided by (y — 20); that means that we assumed that y 20. Look back at the applied situation above and make sure 
you can justify why it is okay to assume that y Æ 20 (Hint: What quantity does y describe?). 


Now, if we integrate this equation with respect to t, we get 


1 dy 7 = 
Jo mat | 0.02)dt 


Remember that y = y(t), so doing u-substitution, we get 
1 
PONESE E [(-0.02) dt 
J (y — 20) 


ln |y — 20| = —0.02t + C 


which can be integrated to get 


Never forget the constant of integration! It is actually super-important when dealing with ODEs. If we shuffle this around, we get 


y— 20 = + eS e—0.02t 
Using the fact that y(0) = 95, we get the following equation for the temperature of our cup of coffee over time: 


y = Tbe 4 20 


This technique of "shuffling the equation, using substitution and then integrating both sides" works for all separable equations. But keep in 
mind: 


You can use separation of variables only if you can guarantee that you are not dividing by zero during "reshuffling". For 
example, above we used the fact that y + 20. Otherwise, we could not use separation of variables, but would have to use other 
methods to find a solution/predict behaviour. 


This quiz was locked Feb 2 at 11:59pm. 


Attempt History 


Attempt Time Score 


LATEST Attempt 1 3,818 minutes 1.67 out of 2 


Score for this quiz: 1.67 out of 2 
Submitted Feb 2 at 1:52pm 
This attempt took 3,818 minutes. 


Question 1 0.67 / 1 pts 


A factory manager just found out that there is a mouse infestation in the main production plant. His 
team has told him that the mouse population over time satisfies the differential equation 


Correct Answer 


dp _ 


Unfortunately, they are not sure of the exact number of mice in the factory, but they estimate that 
currently p is approximately 50. Since 50 is only an estimate, they need to make long-term 
predictions for different initial conditions. What is the long-term behaviour of the mouse population for 
each of the following initial conditions? 


If p = 49, the population becomes extinct . 
If p = 50, the population stays constant . 


If p = 51, the population grows but stays finite . 


Answer 1: 


becomes extinct 


Answer 2: 


stays constant 


Answer 3: 


grows but stays finite 


grows infinitely 


Question 2 1/1 pts 


Which of the following ODEs are separable? Select all the separable ones. 


dy ss 9 
qo oe 
dy _ yit 
dt 42 
dy 2 
E 
dy _ t 
dt —tyty 


Quiz Score: 1.67 out of 2 


C3: Linear First-Order ODEs (Pre-Class Essentials) 


Due Feb 4 at 11:59pm Points 2 Questions 2 Available until Feb 4 at 11:59pm 
Time Limit None 


Instructions 


What are Linear First-Order ODEs? 


Let's start with defining the kind of ODEs we will talk about in this module. 


Definition: A first-order linear differential equation is a differential equation that can be written in the form 


y' + p(t)y = q(t). 


This is referred to as "the standard form for a first-order linear equation". 


For the curious: The first few paragraphs of section 4.5 of the book (https://openstax.org/books/calculus-volume-2/pages/4-5-first- 
order-linear-equations) address questions like "Why is this called first-order? linear? Can every first-order linear differential equation be 
written in standard form?" 


An example for an application involving a linear first-order ODE 


We have talked about how Newton's Law of Cooling is a pretty good model of how a cup of hot coffee cools: 


y' = —k(y — 20) 


Here, y(t) is the temperature (in celsius) of the coffee at time t, 20 is the ambient temperature of the room, and k is a positive constant 
that represents things like how insulated the cup is, whether there's a wind in the room, how strong the wind is and so forth. This first- 
order linear differential equation also happens to be separable and so you can solve it using the methods of module C2. 


But what if the ambient temperature depends on time? For example, a rough model of the temperature in a "typical" December in Toronto 
would be T'4 (t) = —5 cos(27 t/24) where temperature is measured in Celsius and t is measured in hours. (Suggestion: Sketch this 
function an make sense of it using things like max/min temperature versus day/night etc.) Temperature is measured in celsius and time is 
measured in hours. 


Newton's law of cooling tells us what'll happen to the temperature inside a house (assuming the furnace is broken): 
y = —k(y — T4 (t)) = —k(y + 5 cos(2r t /24)) 
This is not a separable equation and so we cannot use separation of variables to solve it. 


It is, however, a first-order linear differential equation and we can solve these using the Method of Integrating Factors, as described 
below. 


When we solved separable equations, the key idea was to rewrite the differential equation in such way that we could integrate both sides 
of the differential equation. This removed the derivative in the equation and gave us a new equation which (if we were lucky) we could 
then use to solve for the solution. 


The Method of Integrating Factors is similar in spirit. A creative use of the product rule gives us an equation we can integrate. 


A first example involving the integrating factor 
We introduce this method in a simple example. Consider the differential equation 


equation (1): y’ -—2y=4-t 


We can integrate the right-hand side to get 4t — t? J2 + C. But the left-hand side isn't something we can integrate — we can't write 
y' — 2y = (something)’. We don't know the antiderivative of this, since we don't even know y yet! It would certainly be nice if we 
could integrate it. 


What to do, what to do? First recall the product rule for differentiation: 


(uy) = py + p'y 
And the left-hand side of equation (1) sort of looks like py! + w'y , but we don't have a matching function jH. 


The entire idea of the Integrating Factor Method is: 


We find a nice u(t). Nice means: It must be in a shape such that after multiplying the equation by u(t) , we can use the product rule. 


Above we had this equation 

equation (1): y —2y=4-t 
Let's try the integrating factor u(t) =e”. (This is coming out of nowhere right now! We will talk about how to find this in class). 
Let's multiply equation (1) by u(t) = e7% to get: 

en Pty! = 2e- ty = (4— t)e~2t 


Good news, everyone! __(https://www.youtube.com/watch?v=g8IVI0sZ6F8) Now we can use the product rule! The left hand side is just 


py’ + p'y! We re-write the left-hand side of equation (2) and get: 
(ety) = (4 — te 


Now that was satisfying! Integrating both sides, we get 


ety — _t e% + Ete” +C 


We solve for Y to find 


T, 1 2t 
Trol aCe 


e 
| 
| 


Finally, always check your answer to make sure that it satisfies the differential equation and the initial data (if given). This is the best 
way to find out if you have made a mistake somewhere. 


Okay, so we know now why it's nice to have an integrating factor. It makes the product rule work. But how do we find an integrating 
factor that works? We will talk about that in the lecture. 


You can now answer the quiz questions, or you can have a look at the following "Questions for the curious" if your are 
interested. 


Question for the curious 


In the above, we chose u(t) — e7% . But this isn't the only integrating factor that works. What would have happened had we chosen 
u(t) = 107%”? Or u(t) = po e”? 


Question for the curious 


In the coffee example, the temperature was modelled by the solution of y' = —k(y — 20). 


e ls it important that & is positive? (What would happen if k were negative? Would your hot coffee still cool?) Intuitively, the coffee 
should cool to 20 degrees as time goes to infinity, no matter what the initial data. 

e Take k — 1 in the equation, solve it, and verify that the temperature behaves as expected. (Does it matter if you have hot coffee — 
in which case y(0) > 20 - or if you have iced coffee — in which case y(0) < 20?) 

e |f the cup is poorly insulated (or if there's a strong wind in the room) then k will be larger. Do you expect the coffee to cool more 
quickly or more slowly? 

e If the cup is well insulated, then k will be smaller. Do you expect the coffee to cool more quickly or more slowly? 


Solve the initial value problem y’ = —k(y — 20) with initial data y(0) = yo. Let tı be the time when the temperature is half of the 
initial temperature y(t, ) = yo /2. What is {*? How does it depend on k? Does this align with your expectations? 


Question for the curious 
In the house example, the ambient temperature was taken to be T4 (t) = —5 cos(27t/24). 


e Setting t = Q0 to be midnight isn't realistic — the coldest time is usually around 3am and the warmest time is around 3pm. How 
should you pick your time variable to match this? 

e The average temperature is 0 Celsius. How would you change T4 (t) so that the average temperature is -10 celsius? 

e The temperatures range between 5 celsius above average and 5 celsius below average. How would you modify T'4 (t) so that 
temperatures range between 2 above average and 2 below average? 


All of these changes to will change the differential equation. Is the new differential equation fundamentally harder to solve or is it the 
same technique but "just a little bit more fiddly"? 


This quiz was locked Feb 4 at 11:59pm. 


Attempt History 


Attempt Time Score 


Attempt Time Score 


LATEST Attempt 1 3 minutes 2 out of 2 


Score for this quiz: 2 out of 2 
Submitted Feb 4 at 1:57pm 
This attempt took 3 minutes. 


Question 1 1/1 pts 


Select ALL the functions that can be used as an integrating factor for the differential equation 
y +ty=ť-t+1. 


2) 
D 
P] 


Question 2 1/1 pts 


Consider the following IVP, 


y’ +y=te't+1, y(0)=1 


We want to know the long term behaviour of the solution y(t). That is, we want to know 
limi soo y(t). 


Use the integrating factor u = é . 


Note: the question is only asking for the the long term behaviour of the solution. Of course, you first 
need to solve the IVP to find y(¢). But you do not need to write it in the answer. 


Answer: lim; +o y(t)= 


Correct Answers 1 


Quiz Score: 2 out of 2 


